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Introduction

This Interim Report on t“e work done during the first part of
Contract NAS2-3637, "Coding System Design for Advanced Solar Missions',
presents the results of various studies performed by Codex Corporation
in close cooperation with personnel of Ames Research Center. In the
following paragrarhs we summarize the work which has been done to date,
and then present our recommendations for the studies to be completed
during the remainder of the program.

The report is organized in the form of a brief report of results
and recommendations, with all details relegated to a series of appendices

pregenting the necessary supporting data.

Summary of Work Performed

The first phase of this contract was intended to narrow down the
choice of cocdes for the extended Pioneer mission, and to specify the
parameters for some likely schemes in full detail.

To this end, extensive computer sirulations of different coding
schemes have been performed. We have written programs to simulate
orthogonal equation decoding (OED) of both convolutional and block codes

on a white gaussian channel; these programs have then been run at Ames
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to simulate & variety of schenes, A simulated sequential decoder
has been programmed in‘FORTRAN at Ames, and used for extensive simulations,
The results of all these simulations are discussed in detail in Appendix A,
Finally, we have written and run a short computational program to evaluate
different equal-step quantization schemes, which we discuss in Appendix B.

These simulations clearly established the performance superiority
of sequential decoding over the orthogonal equation decoding schemes.,
We therefore moved quickly to determine whether a sequential decoding
scheme would re practical. The initial approach we took, after close
consultation with Ames, was to consider the encoder as an outrigger box,
like an experimant, receiving the output of the DTU and generating a
signal for the RF modulator; preliminary design is now underway, under
the guidelines reported in Appendix D. For decoding, we first investigated
whether the on-site general purpose SIS 910 or 920 corputers could be
used for the bulk of decoding in real time with the TO9L et Armes as a
backup., Ames is now looking closely at the interfaces which will be
required on-site and at the Tape Processing Station at Ames; meanwhile,
we have written machine language sequential decoders for the 910-920
and for the 7094. In the latter are included some optional tabulation
routines which make the program suitable for further simulations. The
characteristics of these programs are discussed in Appendix C. Finally,
as a backup, we have begun to think about the implerentation of a special~

purpose sequential decoder.
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In the next section, using the results of investigations to date,
we summarize our current thinking on which scheme should be chosen and
how to implement it.

In all the work to date, we have greatly appreciated being able
to talk frequently with Dr. Lumb and his group at Ames; this close
consultation has been the principal reason for the rapidity of our
progress to date. Particularly helpful were various visits, of Codex'
F. Peltz and I. Forney to Ames, and of Ames' L. Hofman and Dr. Lurb
to Codex,

Reconrnmendations

The simulations described in Appendix A confirm the expected
significant difference in performance between the CED schemes and
sequential decoding., Under the most optimistic assumptions, the most
powerful convolutional code with Cil buys 2 1/2 db over the current systerm,
while the most powerful block coae might barely attain 3 ab. In contrast,
the sequential decoding syster: delivers alrost corpletely clean datsa
at & signal-to-noise ratio 4 db lower than the current system, and date
with an error rate equivalent to that of‘the current system at 5 db
improverient. Its performance advantage over the OLD systems is quite
significant both in quantity and quality of data returned for a given pover.

The studies of implementation we have made to date have not raised
any doubts on the feasibility of sequential decoding, particularly in
compsrison to the CED schemes. The 2h~stapre convolutional encoder re-
quired on board is almost identical to that in the convolutional OID
scheme and considerably simpler than that in the block OED scheme. There
seems a good chance that the ground decoding can be done in already existing

general-purpose corputers, at the cost only of some additional interfacing;
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the OLD schemes can do no better, except perhaps in time and storage
requirements. If we are forced to special-purpose decoding, the decoder
required for full OED ought to be comparsble to a special-purpose
sequential decoder in complexity, though we have not yet made the
detailed studies to justify this,

In view, therefore, of the performance advantage and the lack of
identified implementational disadvantages of sequential decoding vis-a-vis
CED decoding, we feel that no further effort on the latter ought to te
undertaken unless unforeseen drawbacks in sequential decoding appear.
Further effort ought to be concentrated on developing as completely as
possible a system using sequential decoding of & rate-1l/2 convolutional
code. In this work some significant tasks are:

1) Determine an effective criterion for detecting errors made
by the sequential decoder.

2) With this criterion and with 1-3-5-7 parity, re-evaluate a set
of codes and settle on the best. Codes up to constraint length 25 ought
to be considered, in view of the fact that the CDE programs can conveniently
handle these constraint lengths.

3) With this code, determine the optimal decoding program, including
choices of algorithm, bias, and threshold spacing.

4)  Through simulating the entire system as completely as possitle,
check that no significant degradations from performance with white gaussian

noise occur. If they do, find a fix if possible.



5) Construct and evaluate a fast, efficient synchronization
program for initial synchronization and resynchronization. Establish
a useful criterion for detecting loss of synch.

6) Carry forward the detailed design of the spacecraft encoder
as far as possible,

7) Examine the implementation of the decoder in specielly furnished

hardware, including the possibility of a programmed small general=purpose

computer,
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Appendix A. Results of Simulations -

Three types of coding scheres were simuleted on & white geussisrn
channel: convolutional encoding with orthogonal equation decoding (CET),
block coding with CED decoding, and convolutional encoding with secuential
decoding. Ve shall describe each group of simulations in turn, but first wve
briefly discuss the genersl features of binarv cormunication over a raussian

chsannel,

1. Generel Considerstions

With binary signaling on a white geussisan channel, performence is
characterized entirely by the signal~to-noise ratio per informastion bit,
Eb/HO. For a rate-1/2 code, Bb/N;=2ﬁ, where & is the signal-to-noire
ratio per transritted tit, equal to the ratic c¢f the enersv L in & sirgle
transmitted tit to the single-sided srectral density of the noise, No. In
gereresl, for & code of rate P,Eb/NO= p/K.It is well known that, under & corn-
venient norralization, the output of & perfectly ccherent dermcculator is a
gaussian random varisble of memn :2_ﬁ , depending on whether a zerc or
one was sent, and variance QF. In the sirulations we assume that the all-
zero sequence is sent, which in no case affects perforrance, andé essume thet the
demodulator output is quantized to o levels, which we call m-bit quantization,
In Appendix B we see that performance with f-bit, equal-step quantizstion is
essentielly identical to that obtainable with arbitrerily fine quantizetion; we use
such quantization with the OED schemes to find the limits of their performance.

Vith sequential decoding, 3~bit quantization is used, as woculd be the limit in

practice; Appendix B shows that the resulting degradstion is very small,
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We also cesired to take into aceount the redundancy in the Pioneer
date forrmat, 1In general, we went under the assurmption that every seventh
tit in the informetion stream woulé be an odc¢ varity check on the nrecediny
6. This added infcrmeticn ellcwed in the OFD decoding seversl ¥inds of
ctretegies of erasure of 7-bit words, whose nurrose wac to reduce the un-
detected error protability et the exvense of some erasure probebility: in
sequentiel cdecoding it rerrmitted an efficient forcing of the search., Ve
have lately beer informed that actually the seventh htit in the Pioneer formst
is an odd perity check on the bits two, four, and six hits tefore, but cf
course this bit could bte replaceé¢ in the encoder by the overall narity checl
which is assured rere.

~

2. Cervcluticral Ccdes with OBET Decoding

Ortrofonal equetion decoding ic a method of using a nurber of eqguetions,
each includins the tit to te decoded, hut including no other bit more then orce,
to corpute a reliestle lep likelihood ratic of the decoded bit fror the received
lor likelihcod ratics of the tits in the enuaticns. Tre rethed hes been fiis-
cussedé in deteil in cther revorts, ard tounds cderived on its perforrence. (1-R)
We neted in particular that vherees in rnreviously sugrested sclheres hits already
decodeé were sssured correct (heré cecision), s performance improvement right
he obteired by sssigning these tits the lor likelihood ratics ccrputed in the
decoding process (full likelihocd). We were therefore concerned with the per-
forrance achievatle at low signel-to-noise ratics bty both these scheres, and with
a8 corperiror tetvesn ther, In all cases, therefore, the same noise senuence wes
used for tcth,

Ve also wiched to determine how best to use the seventh bit oversall parity
check. /An cotviocue strategy is te relect anr words in which parity dcec nct check,

ané accept the rest. Ecovever, we felt that we right do better to use the
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regritudes of tre cormuted log likelihood ratiocs, as well es threir siers,

to get a more sensitive test, &s had previnusly been suggested at Ares (3).
llere we sirmply cornuted the rrobhahility that +the entire word wes correct,
riven the corputed leog likelihcod ratios and assuring incenendence tetveen
tits, which of course is false., Any word witl nrcbebilitr less than ,00 of
teing correct vas relected; neturelly any word vhose parity c¢id rct cleck was
rejected, £ third stretegy we tried wes the fcllowineg: ir wverds in whiceh
rarity failed to check, we first changed the least lilely tit in the Ylcck,

arc then applied the test described sbove on the vord including the chenred bit,

It is characteristic of rost decoding scheres for convolutirnal cocdes treat
vhen one decoding error is rade, several others tend to follow hefore tre de-
codar tecones recsynchrenized., We call such an event an errcr rur, oré <efine
it rrecisely as. follows:

l.) 2 tit is the last bit of ar errcr run if it is deccded in=-
correctly ard the succeeding n-l hits are deccded cofrectly, vhere r is the
decoding corgtraint lengthy

2,) A bit is the first bit of en error run if it is cececer in-

ccrrectly and the decoder is not alreadvy in an error run.

With this definiticn, we can then define the first error rrobsbilitvy I, s the

-

rrotabilityr cf entering an errcr run, given thet the deccéer is not alreac in

a run. The overall hit error protability Pc is then enproxiretely ecusl to 5?1,

where € is the averege .nurber of errors in a run. Ve also tahulate the sverare
length of a run,.i » and the average error cdensity in runs, E/z,

In the endé, only two ccdes were sirulated, the (4L, 22) end (24,17) trisl-erd-
errcr codes of Meassey (L4), at the three values of Eb/IIC of 2.4 (2.8 ér), 3.€ (5.5 ¢v).

7

end L.7 (£.2 ¢bv), ané with beth hard decisien (D) end full likelihooc (FL)

feed-beck. The pertinent results are tetuletec in Teble I, . Besides the totel
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number of information bits decoded, N, and Po’ P s, l, ana &/4,

l’
defined in the previous paragraph, we tabulate the word erasure probabilities,
le and sz,and the word error probabilities, Pel and Pez, using the first
two schemes described in the parsgraph preceding the last. The performance
of the third erasure scheme was in every case nearly identical to that of

the second.

Finally, we have plotted in Figure 1 the first error provability

against Eb/No, for both codes, with CED-HD, in order to compare these results

with those computed earlier (1).

DISCUSSION

Cur principal interest, of course, is in performance. Let us there-
fore examine closely the result obtained with the most powerful code (Lu,22),
decoding scheme (OED-FL), and word erasure strategy (the second). At an

Ey/li of 3.8 db, which is exactly 3 db below the Eb/No at which with PSK

3

the error probability is 10~ °, this scheme has a bit.error probability

of 2.8 x 10-3, or greater than the target probability of 103

.

More importantly, with the erasure strategy previously described,

the word erasure probability is about 2%, and the word error probability,

about 10—3; this is to be compared with the erasure probability of .T&% and

error probability of 2 x 1077

3

which would be obtained with PSK at a bit
error rate of 10 °, with the simplest erasure strategy. It is clear, there-
fore, that the performance of this scheme at Eb/No = 3,8 db is inferior

to the standard set by the current system.
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That at 5.5 db is clearly better, however; probably the twc are about

the saﬁe at L.k - 4,5 db. Since we want no longer code {the next in

this sequence is (10L4,52), and know no more powerful decoding scheme for
these codes, we see that with convolutional ccdes and CED decoding we can
gain no more than about 2 1/2 db over straight PSK, for a target bit
error rate of 10-3. This is our major conclusionj; while somewhat more
heartening than those reported before, due principally to the introduction
of full likelihood feedback, it is hardly earth-(or heaven-) shaking.

There are some interesting detailed comparisons that can be made,
hcwever, First, let us compare hard decision with full likelihood feed-
back, We see that the first error probabilities for each hardly differ,
and that in fact the hard decision results are superior, which is to be
expected since as long as no error has been made, feeding back infinite
likelihoods is all to the good. However, the average number of errors
in a run is markedly less for full likelihood than for hard decision
feedback: typically 2 or 3 in the forrer case, 8 or 9 in the latter.
Evidentally attaching a low likelihood to an error is very effective in
cutting down propagation. There results en improverent in bit error
probability of a factor of 3 or b4, which is equivalent to a gain of between
1/2 and 1 db for the error probability-Eb/No slopes typical of these codes.
When we examine the results of the word erasure strategies, moreover, we
see that for some reason they are noticeably more effective with full
likelihood feedback than with hard decisions, agein undoubtedly & mani-
festation of FL's greater sensitivity to errors resulting in more equivocal
log likelihood ratios. Thus we can say that full likelihood feedback buys
roughly 1 db over hard decisionj since the implementation for both is nearly

identicel, it looks as though the former is preferable.
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As for the erasure strategies, we see that both are basically
handicapped by having to work against highly clustered errors. This
results in general in a somewhat lower erasure rate than a BSC would
exhibit for the same bit érror rate, but a nuch higher error rate; these
two quantities may be traded off against one another by varying the threshold
in the second strategy, but the net result is inferior to the BEC. Core
sort of scrambling or interleaving is therefore suggested. In comparing
the strategies to one ancther, we see that with a threshold of .99 we tend
to increase the word erasure probability by less than a factor of two, while
decreasing the error probability by a factor slightly greater than 2. Un~
doubtedly, a still higher threshold would be preferabtle. The reason for
the negligible difference between the second strategy and the third strategy,
in which the least likely bit is flipped before computation of the word
likelihood, is that it is extremely unlikely that, after flipping, the
word likelihood will be very high, so that practically all words whose
parity does not check are rejected anyway.

Finally we note the curious fact that in the (2L4,12) code, which is
basically three-error-correcting, the error density in runs is very nearly
1/3, while in the L-error-correcting (44,22) code, it is 1/4. Professor
James Massey reports that this phenomenon has been repeatedly observed

but never explained.

3. Block Codes Yith OEL Decoding

For certain block codes, a set of orthogonal parity check equations
can be formed, and thus OED decoding can be used. Among these codes cne of
the simplest is the (15,7), a distance-5 code, while one of the more complicated
is the (73,45), a code of distance 10; these were the two codes simulated, Asg
with convolutional codes, both hard decision and full likelihood feedback are

possible.
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The efficient way to use the seventh bit parity check in a block
code is not clear, First, when there is an error in a block, the whole
block tends to have low decoded log likelihood ratios, and should probably
be thrown out as a unit. In this decision, the seventh parity bit can help,
but it is neither natural nor efficient. Since a block code inherently re-
quires considerable buffering anyway, we now feel that the most effective
solution would be to take out the overall parity bit in the encoder, and to use a
rate 6/14 block code so as to keep the transmitted bit rate twice the in-
coming bit rate. Codes of rate 6/1L4 can be obtained by shortening longer
codes; for example, the (15,7) can be shortened to (1k4,6), or the (73,L5) to
(49,21). The alternative would be to take out the overall parity bit and use
the more powerful unshortened block codej; then the trarsmitted bit rate would
no longer be simply related to the information bit rate, and considerable rodi-
fication of encoder and demodulator timing would be required.

Table II summarizes the performance obtained with the shortened (1k,6)
and (49,21) codes, with orthogonal equation decoding and full likelihood
feedback. The signal-to=noise ratios per transmitted bit considered were 0.3
and 0.8 db, corresponding to signal-to-noise ratios per original information
bit (before excising the seventh bit) of 3.3 and 3.8 db. In this table N is
the total number of words decoded, P the percentage of words in error, and

ew

?Pb' the fraction of bits in error.
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Table II
DECODING
CODE METHOD B /Nb( db) N P Py
(14,6) OED-FL 3.8 30,000 1.7 x 107° 3.0 x 1073
(1k4,6) OED-FL 3.3 30,000 2.87x 107° 5.1 x 1075
(49,21)  OED-FL 3.8 2,000 2.5 x 1072 1.0 x 1073
(49£1)  OED-FL 3.3 2,000 6.5 x 1072 3.8 x 1073

In Table III, we tabulate the performance obtained with the unshortened
(15,7) and (73,45) codes. Here Eb/No has been adjusted as sbove to reflect the
gain in dropping the seventh parity bit. We have also tabulated Pei and Pep,
the probability of error in the information bits and in the parity bits, where

the first 7 or 45 bits in a word are considered the inforration bits,
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Teble III
CODE DECODING E_/N (db) N Few Feb ei Fep
METHOD L B — - - —
(15,7) OED-HD 6.4 30,000 6.7 x 102 2,2 x 1077 1.Lx107° 2,9x10"7
(15,7) OED-HD 5.1 17,232 7.6 x 107 2.6 x 1074 2.1x10"" 3.0x20™"
(15,7) OED-HD 5.1 30,000 8.7 x 107 3.2 x 1074 2.4x107" 3.9x107%
(15,7) OED-HD 3.4 30,000 1.7 x 1072 6.4 x 1073 4,8x1073 7.7x1073
(15,7) OED-HT 3.b 30,000 1.7 x 1072 6.3 x 1073 5,1x10™> 7.5x1073
(15,7) CED-FL 6ok 30,000 6.7 x 107° L.k x 1070 9.5x107° oo
(15,7) OED-FL 5.1 17,232 9.9 x 107" 1.9 x 10% 2.0x10™" 1.7x107"
(15,7) OED-FL 5.1 30,000 1.3 x 2073 1.8 x 1074 2.2x107" 1.hx10™"
(15,7) OED~FL 3.4 17,000 2.2 x 1072 3.8 x 1073 14.3x10° 3.Lx1073
(15,7) OED-FL 3.4 30,000 2.2 x 1072 3.8 x 1073 4,4x107> 3.3x1073
(73,45) OED-HD 5.2 5,000 = meme= cmeee mmmme m——
(73,45)  OED-HD 3.9 5,000 6.2 x 1073 1.1 x 1073 2.3x10~% 2.4x1073
(73,45)  OED-HD 2.2 2,500 1.6 x 1071 3,3 x 1072 1,3x1072 6,7x107°
(73,45) OED-FL 5,2 5,000 — —— ——— ———
(73,45)  OED-FL 3.9 5,000 6.8 x 1070 1.7 x 107 2.3x10"% 7.8x10-5
(73,45) OED-FL 2.2 2,500 1.9 x 1007 8.4 x 1073 1.0x107° 5.7x10~3
(73,45) OED~FL 2.2 2,000 1.8 x 1077 8.0 x 10'3 9.3x10™>  6.1x1073
(73,45) OED-FL 1.7 2,000 3,1 x 1070 1.6 x 1070 1.8x107° 1.0x10~2
Finally, in Figure 2 we have plotted the bit probability of error Peb

against Eb/No (not in db) for the (73,45) code with full likelihood feedback.
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DISCUSSION
Again, let us first consider the best performance obtainable by codes

of this type, which would be with the unshortened (73,45) code and full
likelihood feedback.

We see from Figure 2 that we can obtain a bit error probability of 10'3 at
an Eb/NO of 2.1, or sbout 3.2 db., If we disregard the fact that errors are
clustered in words, as perhaps we could do with scramopling, this would give
a meximum improvement over no coding of about 3 1/2 db. Including the clustered
effect might drop the improvement to less than 3 db, since we see that at 3.9 dt
(2.9 db improvement) the word error probability is 6.8 x 10'3, gbout the desired
6-bit word deletion probability; this assumes practically all words with errors
would be detected, On the other hand, if we confine ourselves to the shortened
codes, then with the (49,21) it takes Eb/No = 3,8 db to get a 10_3 bit error
probability. Detailed analysis of the distribution of errors in words yields
the estimate that with this code and at this signal-to-noise ratio about 1% of
all six-bit words contain errors; thus even with perfect detection of errors
the word deletion probability would be slightly high. Incidentally, we see
that with the (14,6) code, at the same signal-to-noise ratio, less than 2% of
6-bit words have errors; therefore this sirpler code would probably be almost
as good, But in summary, it would seem thet in practice a gain of 3 db or
more could be obtained ouly by skewing the transmitted bit rate with the un-—
shortened code, and perhaps scrambliing as well.,

Next, let us compare the full likelihood with the hard decision

feedback, We see from Table III that while the error probability in the
information bits, Pei’ is only slightly less for full likelihood than for
hard decision, the parity bit error Pep is much better for full likelihood,
being gresater thanizi for hard decision, but less than Pei for full like-
lihood., The reason for this propagation effect with hard decision is as

follows: in a block code with k Information digits, the basic parity check
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equation whose cyclic permutations give the orthogonal equations has &

span of ket bits. For example, in the (73,45) code, the L6th ©Dit is equal
to a sum of nine preceding bits, the first of which is the first bit. Thus
when we come to the parity bit in decoding, one of the equations will include
only bits that have already been decoded, all of which in hard decision feed-
back will have infinite likelihood and will dominate all the other equations,
The result is that the decoded parity bits are forced to be the bits in that
code word which contains the decoded information bits. Therefore, if no in-
formation bit errors are made, no parity errors will be made., However, if only
one information error is made, there must be at least d-1 parity errors, where
d is the minimum distance of the code [5 for the (15,7), 10 for the T3,45)].
This multiplication of errors accounts for Pep being much higher than Pei'
With full likelihood, on the other hand, it is not necessary to decode into

a code word, and every decoded bit is more reliable than the one before.

This suggests that while with hard decision feedback the information bits
ought to be at the beginning of the word, with full likelihood they ought

to be at the end. If this is done, there seems very little difference in

performance between the two schemes, though full likelihood is a bit better.

i, Convolutional Codes wWith Sequential Decoding

Sequential decoding is an algorithm for conducting an efficient
search for the rost probable convolutional code sequence, given whatever
is received. Since any available information can be programmed into it, it
is highly flexible; in the current application, for example, it can be pro-
grammed not to consider any transmitted sequence not in the proper format,
which includes both the seventh parity check bit and certain fixed words in

every frame.
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Because of the generality of sequential decoding, there are a wide
variety of options in choosing a particular scheme. First, of course, is
the choice of the code itself, For reasons discussed in earlier reports, we
have limited ourselves to codes of rate 1/2, We have to date imposed a limit
on constraint length of 2L, both because we do not wish the encoder to be-
come too complicated, and because the word size of the SDS computers available
at the receiver sites is 24; we have now found that 25 can be handled by
suitable programming. Also involved in the choice of code is the question
of what to do with the seventh parity bit.

The decoding algorithm, besides having two variables called the bias
and the threshold spacing, can be cast into twec forms, the first due to Fano,
the second to Gallager, which can appreciably affect implementation. In these
simulations the Fanc algorithm was used.

One rust also choose a quantization scheme for the demodulator output;
here for hardware simplicity we have limited ourselves to 3 bits or 8 levels,
as the results of Appendix B suggest will be sufficient.

Finally one must specify how to resynéhronize the decoder when it hange
up; here the simplest method seems to be to resynchronize once each frame by
simply setting the encoder shift register to all zeros, Since this method
leaves the last bits of a frame less protected than the rest, the best place
to do this in the Pioneer format is efter the second word of the frame, since
the first word is the known frame synch Barker sequence, and the second the
rmode identification word, which is usually known but in any case dispensable.

Specification of the performance of a sequential decoding scheme is
somewhat more involved than specifying that of the schemes previously con-
sidered, because of the variability in decoding computations inherent in the
search algorithm, If a sequential decoder were allowed to search for an

arbitrarily long time, it would eventually decode every frame, and then one
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could speak of the word error probability as simply the fraction of decoded
seven~-bit words conteaining errors. In practice, a too-long search is terminated
and the frame involved simply erased; one then spesks of the frame deletion
probability. By varying the criterion of when a search is too long, one cen
decrease the undetected word error probability at the cost of increasing the
frame deletion probability; as the choice of this criterion can be deferred
until the data actually arrives, specification of the perforrmance of a code
rust include the complete tradeoff which can be cbtained.

A FORTRAN program has been written at Ames bty L. Hofman to get estimates
of performance with all these variables. We now discuss the results obtained.

In the matter of choosing codes, Lin and Lyne [S5] have pﬁblished codes
optimized for sequential decoding of constraint lengths up to 21. Three
different tails of length 3 were added to the length-21 ccde to get three
different length-24 codes. Surprisingly, it was found that the differences
in performance between these three codes were substantial; with a cutoff of
20,000 trials, the undetegted error probabilities observed st Eb/KO = 2.5 db
and 1.7 db were: Code I, 3.6 x 10~ and 1.1 x 1073, Code II, 1.8 x 10~ and
L,9 x 1o°h, and Code III, O and 4.7 x lO-h. Therefore, Coce III was chosen;
the tap configuration of this code is given in Appendix D.

The standard of performance was then teken to be this code with the
following additional choices:

1) odd pari‘w forced on all seven bits in a word;

2) fixed, known words in positions 15 (F8), 31 (FS), and 32 (}ID)
of each frame;

3) a bias of 1.0 bit per branch;

L) & threshold spacing of 3.0 bits;

5) 3-bit quantization as in Figure 3a.
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The performance obtained by this code, with these choices, and a
cutoff of 20,000 trials, is summarized in Table IV, for Eb/NO = 2.5,
1.7, and 1 db. Figure 4 illustrates the tradepff between deletion and undetected
errcr probabilities which can be obtained at hb/ﬁo = 1.7 db by dropping the cutoff
below 20,000 trials, while Figures 5 and 6 give the distribution of trials
required in 4 runs of 800 frames at Eb/NO = 1,7 dt and 3 runs of 100 frares

at hb/ﬁo = 1 db.

Table IV

Ey /T, (db) N (frares) P_,» frame Py vord
n : -4
2.5 3,200 9.k x 10 0

=S TaTA - 0O 1,-\"3 Y, 7 . q —h
1.7 3,200 [eC X 1U 4,7 x 10

-2 -3

1.0 300 8,0 x 10 2.h x 10

Use of the above code implies that the spacecraft encoder must sub-
stitute an overall parity check for the currently existing 1-3-5-T parity
check on all words that are not parity-exerpt. As it is becoming clear that
this function may represent a substantial part of the encoder (see Appendix D),
a prime alternative to the above code would be to use the currently existing
parity check. Ve have a lirited set of sirulations on this code, at Lb/ho =
2.5, 2.1, 1.9, and 1.7 db, which are summarized in Table V, agFain with a cutoff
of 20,000 trials. (In these simulations the equal-step quantization schere of
Figure 3b was used.) - Figure T plots the tradeoff between deletion and error
probabilities at the three higher signal-to-noise ratios, and Figure 8 plots

the distributions of decoding computations.
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Table V
Eb/No (db) N (frames) P,, frame P,» word
2.5 800 . 1.3 x 1073 0
2.1 800 2.5 x 10™3 3.1 x 10‘h
1.9 800 2.5 x 1073 3.9 x 107
1.7 800 6.3 x 1073 1.4 x 1073

Finally, on the suggestion of Prof. Massey, the inverse of the (L8,2L)
code was tried. This is a (46,23) code whose distance properties are
identical, over the first 2L bits, to those of the (48,2L4) code. In one run
of 800 frames at Eb/No = 1,7 db, an undetected error probability twice that
of the (L48,2Lh) code was obtained.

Just after acquisition, or in the time neighborhood of a command, the
mode identification word may not be known. Therefore, the performance of the
standard code under the assumption that the last word in the fraine was unknown,
vas determined. As expected, many errors were observed in the last word.
However, frame deletion probability was unaffected and undetected word error
probability increased by only a factor of 2 (at 1.7 db), most of which were
in the last data words of the frame.

Finally, some‘preliminary runs were made with equal-step quantization
of different sizes than in Figure 3b, but, aside from verifying that performance
is not very sensitive to such changes, little can be concluded from the data
obtained to date.

Figure 4 compares results at Eb/No = 1,7 db for the two quantization

schemes of Figure 3.
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DISCUSSION

The performance obtained with sequential decoding is quite impressive,
At an Eb/No of 2,5 db, which is a 4,3 db improvement over no coding, we have
yet to observe an error, while the deletion rate is still below one in a
thousand. At 1.7 db, we are getting performancé with the best code equal to
the standard of deletion probability, and just a bit more than the standard
of undetected error probability. We discuss below better methods of detecting
errors; suffice it to say here, however, that with sequential decoding the
improvement over no coding approaches 5 db. Perhaps more important, at about
a 4 db improvement, almost absolutely clean data can be provided to the
experimenters.,

The most important comparison to be made between the different code
eonfigurations studied is between retaining the present 1-3-5-T7 parity in
each data word, or substituting an overall parity check in the seventh place.
The fact that some words are parity-exempt makes such a replacement somewhat
difficult to implement, as we see in Appendix D. From the fragmentary data we
have, particularly from a comparison of Figure 4 with Figure 7, it appears that
performance obtainable with 1-3-5-T7 parity at Eb/No = 1.9 db is roughly equi-
valent to that of overall parity at 1.7 db, where in both cases those signal-
to-noise ratios are close to the extremes that will be tolerated. The
performance difference is thus of the order of .2 db. We question whether this
small difference justifies the added complexity in the on-board encoder.

Figures L and 7 also tell us something about the sensitivity of total
decoding trials as a aeletion criterion. In both cases, in the range of
interest, it takes about a fourfold increase in deletion probability to obtain
a8 twofold decrease in error probability, whereas one would expect the error

probability to decrease at least as fast as deletion probability increases.

Furthermore, with 1-3-5-7 parity, the error probability becomes almost inde-

pendent of deletion probability et large cutoffs. The moral is that the
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total number of decoding trials is not a sensitive deletion criterion,
particularly for the 1-3-5-7 parity. It appears tha% the number of trials
needed to get past a short error cluster may be much less than 20,000.

This situation is particularly unfortunate in that, because of the
rather short code constraint length, the ultimate performance of this
scheme appears to be limited by the undetected error probability ottainable,
rot the d=letion probability. A more sensitive deletion criterion, if
successful in identifying the bulk of errors now undetected, might permit
a gain of perhaps 1 db or so, particularly at the low data rates, before
excessive computation would force a rate change or termination; Figure ¢ shows
that the computation cutoff comes near Eb/NO = 1.0 db.

Therefore we consider it worthwhile to look for a more effective
criterion. One possibility might be to count the number of trials required
to advance a shorter length, say 24 bits or less; another would be to re=-
compute the metric of the decoded sequence, and delete when too greet s dip
occurs. There is little urgency in such refinements, however, since the only
implementational change they imply is in ground software.

The distribution of decoding computation illustrated in Figures 5, 6 and
8 is, as expected, of the Pareto form--that is,

Pr (C>X) = KX*,
Comparison of Figures 5 and 8, as well as all the other evidence at hand,
indicates that this distribution is negligibly affected by what code is
chosen, depending rather on the signal-to-noise ratio. The Pareto exponent
can be estimated by curve-fitting as 1.8 at Eb/No = 2,1 db, 1.5 at 1.9 db,
and 1.3 at 1.7 db., The sample size is really too small to tell much at 1.0 db,
but it seems probable that here the exponent is at or below 1.0, which would
account for the high variability in the results. It is this which leads us to

believe that with extensive off-line processing, an Eb/No near 1.0 db could
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be obtained if the undetected error probability problem could be solved.

Figure 4 indicates that the change in performance in going from unequal
to equal-step quantization is negligible, as would be expected, and trerefore
we recommend the equal-step quantization for hardware simplicity. The exact
size of the‘steps can be determined in further simulation, along with such other
detail parameters as the bias and threshold spacing.

Finally, the simulations with the mode identification word unknow.
indicate that this situation is certainly tolerable if errors in the mode
identification itself are tolerable. Incidentally, the flexibility of treat-
ment of fixed words in the decoder suggests a possible method for extending
range, assuming the carrier still trackable. If half or more of the experirnents
were shut down, a large part of every frame would contain fixed words; then
the remaining dats words would be decodable at signal-to-noise ratios below
those otherwise required. Although the experimenter discipline required may

be inconceivable, it might be worth seeing how much this effect amounts to.
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Appendix B. Effects of Equal-Step Quantization

We have written a short computer program to calculate the capacity
C and computational cutoff rate R of the white gaussian channel with
comp

binary antipodal signalling, when the demodrlafor outnut is quantized in

ol equal steps. Figure 1 illustrates such quantization for the case 1=3;

we have called the step size T. As in Appendix A, we assume the derodulator

output is scaled to have mean t 23 and variance 2@ , Where @ is the signal-
to-noise ratio per transmitted bit.

With quantization, the channel becomes a discrete mermoryless channel
with two inputs X4 and 2™ outputs yj. The channel is corpletely character-
ized by the transition probabilities Pji (#,T) which give the probability

of receiving yj, given Xs s for particular choices of B and T. Information

theory then tells us that the capacity of the channel in bits is:

. Y
ClpT) =222 ) Loy, T2 )
i

the theory of sequential decoders says that the computational cutoff rate

in bits is:

Reomelp ™ = L - Q/oa‘v{i * id_—l?ét(ﬁ,"r\?p.(fsw"3x .
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Figure 2 plots C and Rcomp as a function of T for m=3 and §>§8.
We see that there is a definite optimum setting of T, and that this

optimum is greater for R then for C., These features were observed

comp
for all the curves we plotted, which included values of § from .5 to 3.0,
and n=3 and 6. Figure 3 is a summary curve showing the C and Rconp obtained

at these maxima versus § , for m=3 and 6. In the case of Rcomp we have
also included values for infinitely fine quantization, which cannot be

distinguished from the m=6 curve. Figure L4 gives the optimum T as a function

of 5, for m=3 and 6.
Discussion

As the parameter which limits the performance of sequential decoding

is Rcomp’ the most interesting graph is Figure 3. Here we see that the

value of ﬁ required for Rcomp = ,5 with n=3 is less than .2 db above that
required for m=6, which in turn is negligibly different from infinitely
fine quantization. Three-bit quantization would therefore seer to be
sufficient. Cure must be taken, however, not to stray too far from the
optimum value of T.
From Figure 4 we see that the optimum T is roughly proportional
to f(’: as was expected, or alternately to the standard deviation & =E’3’.
In the case of capacity, Toptc‘ J4a , while for Rcomp’ Topt:! .65 . The
latter figure checks with the fragmentery simulaetions alluded to in Appendix A,
Finelly, we note the following rather puzzling fact. At Eb/No = 1.7 db,
or @»= .Th, the simulations of Appendix A showed our rate - 1/2 code to
be operating well below Rcomp; rather than a Pareto exponent of 1, we
is

observed an exponent of about 1.35. Yet, with m=3 and 6= .Th, Reomp
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only .42, with optimum equal-step quantization. Even taking into account
the known seventh parity bit only reduces the effective rate to ,L43; we
must also include the 3 known words in each frame to arrive at the lowest
possible effective rate of ,388, at which rate the computational cutoff
comes at Eb/No = 1.2 db., It would seem that in our simulations we are
observing the computaticnal behavior which theory predicts for the best
possible code of rate .388, even though our code is anything but optimum.
Either we have discovered a very unlikely insensitivity in sequential
decoders, or we must suspect that the random noise generator is slightly

less noisy than was intended.
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Appendix C. Machine Language Sequential Decoders

We have spent some time developing the fastest possible machine
language sequential decoders for the SDS 910-920 and for the IBM TO9k,

The hope is to do the bulk of the decoding in feal time in the SDS
machines that are now or will be at the DSIF sites, and, as we see

below, at the high bit rates (512 bps) the speed of decoding will de-
termine et how low & signal-to-noise ratio we can work. For backup, to
heve another go at undecoded frames, and to process the outputs of listen-
only stations, we must have an efficient decoding program for the TO9L at
Ames, Finally, a fast 709l decoder makes extensive simulations much rore
economical,

In developing these programs, we have valued speed much more than
memory conservation. We have therefore written many almost identical parts
of the program rmany times, rather than using subroutines, transfers or
simple tests on flags, and have used table lookups wherever possible.

The 7094 program conteins & random data generator, and a number of
tabulating functions, the time and storage required for which we have not
tabulated. It has an initialization section of 84 instructions which needs
to be called only once for each run, or whenever the format is changed or
the decoding parameters varied. The decoding routine occupies 2392 words
of storage. At high signal-to-noise ratios, where the decoder proceeds
rapidly forward through the tree, the average number of cycles per com-
putation is 19 or 20, exclusive of tabulations; at low signal-to-noise

ratios where searches predominate, this number drops to 15 or 16, Given
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that the cycle time of the 7094 is 2 ms , and supposing an average
nurmber of computations per decoded bit of 10 or so, one could count on
decoding about 10 fr;mes a second as a long-term average, or 5 times real
time at 512 bps, assuming no frames decoded earlier., For simulations,
this would suggest a maximum decoding rate of 36,000 frames an hour, less
whatever time is required for data generation and tabulation.

For the SDS machines, we have written two programs, The first attenpts
to be as fast as possible without regard for storage; the second tries
to conserve storage without serious compromise to the efficiency of the
program. Both include an interrupt routine which occupies 24l words, in-
cluding 224 of I/0 buffer storage. The fast routine also includes an
initialization routine which consumes 32 x 22k cycles; thus, at 5 com-
putations per decoded bit, 6 1/2 cycles or so rust be added to the
effective time of the fast routine. With this adjustment, the short
routine takes only about 2 cycles more per corputation then the fast
routine; however, at 10 computations per decoded bit, this figure increases
to about S5, and ala very large number of corputations to 8 or more. In
this last case the total number of cycles per bit is under 33 for the
fast routine and under 41 for the short, a 20% difference. On the other
hand, the storage needed by the short routine is only 1484 words including
I/0 buffer, as compared to 2705 for the fast routine.

With either routine we may estimate the average number of cycles per
corputation as about 40, when the nurber of computations per decoded bit
is near 5. The interrupt routine requires about 20 cycles/received bit.
Thus, the cycle time being 8 ps s at 512 bps nearly 6 computations per
decoded bit (1200/frame) can be performed, if the machine time devoted to
other tasks is negligible. At present about 25% of the machine time is

being used at 512 bps; this would leave us 900 computations per frame.
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The simulations of Appendix A indicate that this would yield a frame
deletion rate of 2% and no undetected errors at Eb/No = 3.k db, 9% at
2.5 db, and 36% at the ultimate cutoff of 1.7 db. Of course at lower
bit rates these percentages will drop.

We conclude that an SDS 910 or SDS 920 could do a fairly cdecent
Job of decoding, if there were no other demands on it. Whether such a
machine is usable or not depends on the time and nerory requirerents of

these other demands.
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Appendix D. Encoder Implementation

The following are some preliminary guidelines for implementation
of the encoder suggested by the simulations of Appendix A. An initial
hardware design based on these guidelines, using the TI series 51 integrated
circuits, and omitting overall parity generation described below, indicates

a requirement for 84 circuit packs.

1) Pioneer data format:

In the Pioneer spacecraft, the digital telemetry unit (D7U) has the
function of collecting data from the experiments, forratting it and adding
certain parity checks, and modulating the 1esulting data stream onto a
square=-wave subcarrier; its output is then fed to the RF modulator.
Experimental date are in 6-bit words. The DTU adds a Tth bit to give
odd parity on bits 1, 3, 5, and 7 (bflbgebseb7 =] rmod 2). Data are
transmitted in frames of 32 7-bit words. Of these words, all have the
1-3-5~7 odd parity except for three or four, depending on the format,
which we call the parity-exempt words. After the addition of these parity
bits and words, the bit rate is 8, 16, 64, 256, or 512 bits per second.
These data are finally differentially modulated onto a 2048 cps square
wave; that is, a data 'one' causes a 180° phase shift from the previous
phase; a data 'zero' none, Thus a 0110 input at 512 bps would cause the

followiqg output :
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2) Encoder functions:
The first thing the encoder must do is to reconstruct the data.
This could be done, for example, by sampling and holding at T-second
intervals, where T is the inverse of the bit rate, to take out the
subcarrier; then a mod 2 adder and l-unit delay could take out the

differential modulation, as below:

modulated

>0 two-stage shift register,
subcarrier /// clocked at bit rate

sample at ﬂ27
bit rate

recovered

Y

data

Fig. 1. Reconstructing the data

It is then desired to remove the (1-3-5-7) parity bit generated by
the DTU, and to replace it with a parity bit giving the whole word odd
parity. This can be done, however, only on the words which are not
parity-exempt. Thus we need as inputs not only the word rate pulses,
which occur on the seventh bit of each word (with skewed timing), but
also either word gates for the parity-exempt words, or internal timing
and gates to do the same thing. Figure 2 illustrates how this might be
done.,

switch on Tth bit except for
data 2, vparity-exerpt words

70‘k\<i;

data with new pafity

set to l//l-)-( —0
on 1lst bit flip-flop

Fig. 2. Feplacing the parity bit
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It will probably be complicated to develop the timing for this
parity regeneration; since the improvement gained in performance is
small, we would also like. a design in which this function is omitted.

Next, we encode the data in a rate-~1/2 encoder of length 2L, as

shown below. The taps are to be as indicated.

data
~o diplexer
—t ]z 4] Je| ]5]a | Dzl feslis]ie] 1 Lolulad |2
pg
encodec
data
parity
1/ >0

Fig. 3. Encoder

For resynchronization, it is desired that after the seventh bit of the
2nd word of the frame enters the encoder and the corresponding parity
bit is computed, the contents of the encoder shift register be set to
all zefoes. The timing for this could be develcoped fror. the frare
rate pulse, or could be got directly from the word 3 word gate.

Finally, we want to remodulate the encoded data onto a square-wave
subcarrier. At 256 and 512 bps, the freguency of this subcarrier is to
be 2048 cps, as before; at the lower rates (6L, 16, and 8 bps), it is
to be 512 cps. Modulation is direct bi-phase PSIK, not differential; thus
a 0110 input at 512 bps (trensmitted; 256 information bps) would cause

the following output:

T
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Clearly this modulator is no more complicated than a mod 2 adder, as

below:

2048 or 512 cps square wave,

from clock
to RF

encoded data modulator

Fig. 4. Modulation

.



